AN INEQUALITY FOR POLYNOMIAL MAPPINGS 



BY ArKADIUSZ PLOSKI 
Abstract. We give an estimate of the growth of a polynonial mapping of C". 

1. Main result. 

Let F = {Fi,...,Fn) : C" ^ C" be a polynomial mapping. We put 
d{F) = ^F^^{w) for almost all w G C" and call d{F) the geometric degree of F. 

Let d, = degFj for i = 1, . . . , n. Then < d{F) < nr=i di F, ^ for all i 
(cf. [6], p. 434). Note that d{F) = if and only if the polynomials Fi, . . . ,Fn are 
algebraically dependent. For any w £ C" such that the fiber F~^{w) is finite we 
put 

<5„(^^) = d(F)~ J2 mult.(i^) 

where mu\tz{F) stands for the multiplicity of F at z (cf. [6], p. 256). We follow the 
convention that the sum of an empty family is zero. We have always 5w{F) > for 
the finite fibers F~^{w); S^{F) = if and only if F is proper at w or d{F) — 
(cf. [3]). For any z — (zi,...,z„) £ C" we put \z\ — niax|zi|. We say that an 

i—l 

inequality holds for \z\ ^ 1 if there is a constant R > 1 such that it holds for all 
z e C" such that \z\ > R. 

Let Fi be the homogenized polynomial Fi. The main result of this note is 

Theorem 1.1. Suppose that the system of homogeneous equations 

Fi = ■ ■ ■ = Fn = has a finite number of solutions in the projective space P". Then 

there is a positive constant C such that 

\F{z)\>C\z\-^"^^^ /or |z|>l. 

The proof of (1.1) will be given at the end of this note. Now, we will prove the 
following 

Theorem 1.2 (cf. [1] for the case n = 2). Assume the assumptions of (1.1) and 
put II — ^ mult2(i^). Then there is a positive constant C such that 

u— Yl di-\-min(di) 

\F{z)\>C\z\ -1 /or|z|»l. 



Proof of (1.2). Let us distinguish two cases. 
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Case 1. d{F) > fl di — min(di). Then F is proper by proposition 1.3 of [7], consequently 



i=l 



i=l 



/i = d{F) and the inequahty follows from theorem 1.10 [7]. 

n n n n 

Case 2. d{F) < W di~mm{di). By definiton of 5o(-F) we get 5q{F) < W di — Tam{di) — ^ 
i=i »=i j=i '=1 

and the inequality follows from theorem 1.1. 

Remark 1.3. Let F = {Fi, . . . , F„) : C" — »■ C" be a polynomial mapping. Then the 

following two conditions are equivalent: 

(i) the system of equations Fi = • • • = F„ = has a finite number of solutions 
in C", 

(ii) there are constants C > and q eR such that \F{z)\ > C\z\'^ for \z\ > 1 
For n > 2 the assumption of (1.1) and (1.2) is stronger than (i). J. Kollar showed 

n n 

in [5] (Prop. 1.10) then we can take q = — X\di-\- mm{di) in (ii). 

2. Resultant of homogeneous polynomials. 

If Hi,. . . ,Hm is a sequence of homogeneous polynomials in n + 1 variables, 

then we denote by V{Hi, . . . , Hm) the set of all solutions in P" of the system 
Hi = ■ ■ ■ = Hm = 0. We will need some properties of the resultant of n + 1 forms 
in n + 1 variables. 

Property 2.1. If Hi,. . . , Hn+i are general forms of degrees di,. . . , dn+i > 
inn+l variables X ~ {Xi, . . . , Xn+i), then their resultant Hcsx{Hi, ... ,Hn+i) is 
a polynomial in coefficients of these forms, homogeneous of degree di ■ . . . ■ dn+i/di 
with respect to the coefficients of Hi. 

Property 2.2. // the coefficients of Hi,. . . , Hn+i lie in C, 

then Resx {Hi Hn+i) = if and only if V{Hi H^+i) 7^ 

Property 2.3. Suppose that Hi, . . . , H„ are homogeneous forms of degrees di, . . . ,dn 
with coefficients in C such that the set V = V{Hi, . . . ,Hn) C P" is finite. Let L 
he a linear form such that V fl V{L) = 0. For any p € V we denote by fip the 
multiplicity of the mapping 



Hi Hn 



^" \ V{L) ^ 



at p. Then for any homogeneous form H of degree d> we have 



Res;f (ifi, ...,Hn,H)= Resx(iJi, ...,Hn,L^)l[[ ^{p) 



The properties (2.1) and (2.2) are well known (cf. [4]). In order to check (2.3) 

let us assume that the hypersurfaccs Hi = (1 < i < n) meet transvcrsally 
i.e. ~ I for all p G V. According to Bczout's theorem V contains exactly 

di ■ . . . ■ dn points, consequently the product Y[ — Tiip) ^ homogeneous form 

without multiple factors in the coefficients of H. The polynomials (in the coc;fficic;nts 

of the form H) Resjc (ffi, . . . , Hn, H) and H Td^P^ have the same degree equal 

pev ^ 
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to rfi • . . . • d„, SO by the Nullstellensatz there is a constant i?o € C such that 
Resx(-ffi, • • • , Hn, H) = Rq Y\ -rnip) for every form H of degree d. 

Putting in the above equality H = L'^ we get Rq = Resx{Hi, . . . , Hn, L'^)- To 
check (2.3) in the general case let us note that the mapping P"\y(L) C" defined 
in (2.3) is an analytic branched covering of degree di ■ . . . ■ d„. Let il be a Zariski 
open subset of C" contained in the set of regular values of this mapping. Hence 
for any a = (oi, . . . , a„) € the hypersurfaces Hi — UiL'^' =0 (1 < i < n) meet 
transversally and we may apply the formula to the homogeneous forms Hi — a\L'^^ , 
. . . ,Hn — OnL'^". We obtain the property 2.3 in the general case by passing to the 
limit when a ^ 0. 

3. Proof of the main result. 

We begin with 

Lemma 3.1 (cf. [2], lemma 8.2). Let P{W,T) = Po{W)T'^ + ••• + Pd{W) G 
C[W,T], d = degT P{W,T) > be a polynomial of n + I variables {W,T) = 
{Wi,..., Wn, T) such that P(0, T) ^ 0. LetS = d- deg^ P(0, T). Then there is a 
positive constant C > such that the condition P{iu,t) = implies C\t\~^ < \w\ 
/or|t|»l. 

Proof of (3.1). If (5 = 0, then the lemma follows from the theorem on continuity 
of roots. Let ^ > 0. Then Po(0) = • • • = P5-i{0) = and Ps{0) i- 0. Suppose 
t 9^ and put s = . The equation P{w,t) = can be rewritten in the form 
Poiw) + ■■■ + Ps{w)s^ + ■■■+ Pd{w)s'^ = 

By the Weierstrass Preparation Theorem we get s^ +Q\{w)s^~^ -\ \-Qs{w) = 

near the origin with holomorphic Qj, Qj{0) = for j = 1, . . . , (5. Consequently 
for small \s\, \w\ we have: \s\^ < Ci |w|(|s|''~-^ + ••• + !) < C2\w\ and the lemma 
follows. 

Let Z = (Zq, Zi, . . . , Zn) = {Zo,Z), Fi = Fi{Z) the homogenized polynomial 
Fi = and let G = ci^i + h c„Z„ be a linear form such that 

(*) F(Pi,...,F„,Zo,G) = 

Let T be a variable. We may assume that di, . . . ,dn > 0. We put 

Pg{W, T) = Res^(Fi(Z) - W,Z^\. . . , i?„(Z) - WnZ^",G{Z) - TZo) 

Prom the properties of resultant quoted in Section 2 we get immediately 

Property 3.2. Pg{W,T) G C[W,T], PG{w,t) = if and only if the system of 
equations F{Z) = w, G{Z) — t has a solution in C". In particular Pg{F{Z), G{Z)) = 0. 

Property 3.3. // the fiber F~^{w), w G C" is finite, then degrp Pg{w,T) = 
E mult^P 

Now, we are in a position to prove theorem 1.1. From property 3.3 we get 
(**) degy Pg{W, T) - degT Pg{0, T) = 6o{F) 

for every form G satisfying (*). 
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Let d(F) > 0. After a change of coordinates we may assume that the forms 
G = Zi {l<i<n) satisfy condition (*). Let P,(W, T) = Pg{W, T) with G = Zi. 
Prom relations Pi{F{Z), Zi) =0 (1 < » < n), property (**) and lemma 3.1 we 



Let d(F) = 0. Fix a linear form satisfying (*). Then Pg{W,T) = Po{W) 
and F(C") = {w G C" : Po{w) = } is algebraic. Obviously ^-^(O) = (if 
d(F) = then every fiber of F is empty or infinite) so there is a C > such that 
{w : \w\ <C}n F(C") = 0, hence \F{z)\ > C for all z G which proves 

(1.1) because Sq{F) = if d(F) = 0. 
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